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The alignment of nonspherical particles is inferred from the solution of a Fokker-Planck
equation where a thermal torque has been taken into account which is proportional to the second
spatial derivative of the temperature field. A pretransitional enhancement of the effect is
predicted for the isotropic phase of a liquid crystal. Two distinct physical mechanisms are
considered in order to estimate the magnitude of the thermal torque. One of them is due to the
pressure variation at constant density. For constant pressure, the torque is inferred from the
collision term of an Enskog-Boltzmann equation generalized to (strongly) nonspherical particles.
In both cases, the resulting heat flow birefringence is of measurable size.

Heat flow birefringence, i.e. a molecular align-
ment caused by the gradient of a heat flux or,
equivalently, by the second spatial derivative of the
temperature, has been predicted [1], calculated
[2—5], and measured [6, 7] for molecular gases. In
contradistinction to flow birefringence where expe-
riments with colloidal solutions [8, 9] and liquids
[10] preceded the theory [I, 11, 12] and its experi-
mental verification [13—15] for molecular gases by
many decades, no measurements of the heat flow
birefringence in the liquid phase are known to the
authors. It has been pointed out before [3] that the
phenomenological equation governing the heat flow
birefringence in liquids should be analogous to the
equation for gases despite the fact that the relevant
alignment tensor has a different microscopic mean-
ing in both cases and that the kinetic theory of
[1—=5] based on the Waldmann-Snider equation [16],
of course, does not apply to liquids. For liquids and
liquid crystals, one may develop a theory in the
spirit of generalized irreversible thermodynamics by
combining the ideas used for the viscous flow and
flow birefringence in [17, 18] with those of Wald-
mann and Vestner [19] concerned with transport
phenomena in the Burnett regime [20, 21]. The
crucial question, however, whether the predicted
effect can be expected to be of measurable size
cannot be answered by such an approach.

In this note, results of a semi-microscopic theory
are presented which allow an estimate of the size of

the heat flow birefringence in liquids and liquid
crystals. More specifically, an equation for the
torque exerted on a nonspherical particle by the
second spatial derivative VVT of the temperature
field T is formulated which involves a yet unknown
coupling coefficient K. Insertion of this torque into
a generalized Fokker-Planck equation for the orien-
tation distribution function yields — in analogy to
flow birefringence [9, 22] — a nonequilibrium align-
ment causing a birefringence whose magnitude de-
pends on VVT and on the above mentioned K.
Next, K is calculated for two distinct mechanisms.
Firstly, the torque due to a spatial variation of the
pressure caused by the inhomogeneous temperature
in a system with constant volume (density) is
considered. Secondly, for a system at constant pres-
sure, the relevant torque is inferred from the anti-
symmetric part of the pressure tensor as evaluated
from a generalized Enskog-Boltzmann equation for
rigid ellipsoids [23] in the limiting case of long
needles.

1. Thermal Torque

A temperature field 7'(r) is considered which has
a vanishing Ist spatial derivative, VT = 0, but which
has a nonzero 2nd spatial derivative as (approxi-
mately) realized in the experimental set-up described
in [7]:

T(ry=Ty+ 06T (1)
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In (2), the symbol 7 refers to the symmetric trace-
less part of a tensor, e.g.

ab="'(ab+ba)—1a bd 3)

for the dyadic constructed from the components of
two vectors a and b; 6 is the unit tensor.

The torque exerted on a nonspherical particle
with its figure axis parallel to the unit vector # in
such a temperature field is — due to general
symmetry arguments — given by

==K ety V,V; T, (4)
where K is a characteristic coefficient depending on
the shape of the particle. In (4), Cartesian compo-
nents are denoted by Greek subscripts, the summa-
tion convention is used for them; ¢,,; is the antisym-
metric third rank isotropic tensor. With the help of
the differential operator

) = S
_/ ux— Q)

the thermal torque (4) can be written as
9=—1K_ruu:VVT. (6)

Notice that VHVT~ VHq where ¢ is the heat flux
vector: hence one has

LK) suu:Vg 7)

where /. is the heat conductivity of the liquid.

2. Nonequilibrium Alignment, Heat Flow
Birefringence Coefficient

The torque caused by a shear flow as used in a
kinetic theory for the flow birefringence of colloidal
solutions [9] and liquid crystals [22] is quite similar
to (7); the flow velocity v occurs instead of the heat
flow ¢, and a different coupling coefficient has to be
used instead of K/~!. Due to the close similarity
between both problems, the calculation of the align-
ment in a stationary nonequilibrium situation from
a generalized Fokker-Planck equation [22] need not
be repeated here. A comparison of the relevant
torques shows that the quantity

%1, Ve ®)

with a characteristic coefficient » and a relaxation
time coefficient 7, of [22] corresponds to

= |/ 1—30 K(ksg T)"' VVT 9)

of the present problem; kg is the Boltzmann con-
stant. Hence one infers from [22] that the alignment
tensor

a= |/% Gy, (10)

where (...) stands for an average evaluated with the
orientational distribution function is, for the iso-
tropic phase of a liquid crystal, given by

/3 _ T\ —
a=—VW K(kBT) 1(I—T) VVT.
(1)

In (I1), T* is a pseudo critical temperature some-
what lower than the temperature where the phase
transition isotropic-nematic takes place. The factor
(1= T*/T)~" describes a pretransitional increase of
the alignment analogous to that one well-known in
connection with flow-birefringence [24, 25]. For
“normal” molecular liquids and colloidal solutions
where collective alignment effects are weak, 1 — T*/T
can be replaced by 1 in (11).

The anisotropic part € of the dielectric tensor €
which is responsible for the birefringence is related
to the alignment tensor a by '

—_ 2
=% =g, — a 13
q =g, )/ < (13)
with the coefficient
n
&E=— @ —oy). (13)

o

In (13), n is the number density, & is the absolute
dielectric constant of the vacuum, and o, a; are
effective polarizabilities for an electric field vector
parallel and perpendicular to the figure axis of a
nonspherical particle.

Thus the heat flow birefringence coefficient f;
defined by the constitutive equation [1, 2]

e=—28, Vg=24p,VVT (14)
is, according to (11, 12) given by
-1 T*\-!
/'~,3;.=W€a1<(ks T)_I(I_T) . (15)

Clearly, the magnitude of the coefficient K is of
crucial importance for the question whether the
heat flow birefringence is of measurable size or not.
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3. Thermal Torque at Constant Volume

The torque 3 exerted on a particle immersed in a
fluid with the pressure tensor P is given by

l(}”:—g#\,/;__fl‘v P/'.l Ny dG', (16)

where n is the outer normal of the particle and do is
the surface element. The point r =0 corresponds to
the centre of mass of the particle.

Next, the special case of an isotropic, but spatial-
ly dependent pressure

P=P(r)d (17)

is considered where the r-dependence of P stems
from the spatial dependence of 7 in a system at
constant volume:
or

P(r)=P(T(r))zP0+ﬁéT(r) (18)
with Py = P(T,) and 4T given by (2). It is assumed
tacitly that the presence of the particle under
consideration — in first approximation — does not
affect the temperature field. Insertion of (17) with
(18) into (16) shows that K is generally given by

K=(9L—9H)%, (19)

where @) and @, are the momenta of inertia for
density o= 1 pertaining to rotations around the
symmetry axis and the other principal axes through
the centre of mass, respectively.

For ellipsoids of revolution with the semiaxes
a=band c, (19) yields

47 a*\ oP
K=—2a’?|l——=|—=.
54 ( c2) oT 2

The result for spherocylinders of height 4 and
radius rq is

4 ¥ T 2
K=Er8h3 1+47°+3(7°) }%. Q1)
Notice that according to (19), K vanishes for par-
ticles with an isotropic inertia tensor, e.g. for a=c
in (20) or 7 =01n (21).

Clearly, the present mechanism generating a tor-
que on a particle does not work if the (scalar)
pressure is constant in the presence of a spatially
inhomogeneous temperature, yet there are addi-
tional mechanisms leading to a thermal torque of
the form (4). It seems worth mentioning, however,

that insertion of a thermal pressure P~ VVT into
(16) yields no thermal torque due to 4T =0 for a
stationary heat flux.

4. Thermal Torque at Constant Pressure for a Fluid
of Long Needles, Relation to Flow Birefringence

In [23], a generalization of the Enskog-Boltzmann
equation to rigid ellipsoids has been formulated for
the case where the axes of the particles — in first
approximation — do not change their directions in a
collision. The torque exerted on a particle with a
fixed orientation can be inferred from the antisym-
metric part of the pressure tensor resulting in a non-
equilibrium situation. For the present problem, the
analysis was carried out with the help of the
moment method and for the limiting case of long
thin particles (needles) with length /; the result [26]
for an isotropic medium (random orientation of the
collision partners) is

175
T 1536

Here, y, < 1 is the volume fraction occupied by the
molecules.

It seems worth mentioning that the torque caused
by a viscous flow is, in the same approximation,
given by

7 T — —
'9;1 =E I/ 7 Yon kg TCO_l X I Euvi Uy Uy Vyv;

(23)

with ¢o=) kg T/m ; m is the mass of a molecule,
and y essentially the pair correlation function; cf.
Eq. (4) for the thermal torque. The ensuing flow
birefringence coefficient f, defined by

e=—28Vo, (24)

Yo kB [2. (22)

1S now

7 T T*\~!
=——|/— slxlf1-—)| .
B 130 S faonco X ( T)

(25)
Comparison of Egs. (15, 22) with (25) yields the
following relation between the heat flow and the
flow birefringence coefficients:

+B; co(nTx )" 4. (26)

.
128)/2
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5. Estimate of the Order of Magnitude of the Effect

Let eV, e® be unit vectors parallel to two of the
principal axes of the dielectric tensor, in the present
case determined by the tensor VVT. The difference
J0v =1 — v, between the indices of refraction of light
linearly polarized parallel to e") and e is given by

vov="1L(eMe® — @ ¢@):¢’ (27

with the average (isotropic) index of refraction v.
Thus, due to (15), one has

1 T*\
v5v=—W£aKk§'(l——F) V2 (28)

with the abbreviation
V=T (e e — @ ¢®): YVT. (29)

To estimate the order of magnitude of the differ-
ence dv, it is firstly noted that values

w2/ 10*m™2 (30)

can be obtained experimentally [7] for the relative
second spatial derivative of the temperature field.
For an estimate, v and ¢, can be replaced by 1 in
(28), thus

T*\-!
5szk‘B‘(l—T) 103 m™2 (31)

for yy; given by (30).

Next, estimates are given for the coefficient K
according to the physical mechanisms discussed in
Sect. 3 and 4, respectively.

i) Constant density

A typical value for 0P/0T occurring in (19, 20,
21) is OP/dT ~ 10® N (m?* K)~'. With the molecular
length parameters chosen to match a substance like
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MBBA (ryx3-107"°m, 272 1.5- 107 m), one finds
K k'~ 107" m?

and for (1 — T*/T)"' = 10,

Sv| = 1078,

On the other hand, for ellipsoids with the semiaxes
ax10°m, c~ 1078 m, K k3' ~ 107 m? and, even
with T*/T < 1, [dv | = 107",

ii) Constant pressure

In this case, Eq. (22) yields for a substance like
MBBA K k'~ 107'¥ m?, thus, for the same en-
hancement factor (1 — T*/T)~' = 10 as above, the
value |dv| =~ 10~ is found. Similarly as above, for
fluids of larger (longer) particles, |dv| > 107'* can
be expected on account of (31) with (22). Differ-
ences (ov| of the indices of refraction as small as
10~ can be detected experimentally [5—7]. Thus
the heat flow birefringence in liquids should be of
measurable size according to the present considera-
tions.

6. Concluding Remarks

Two distinct mechanisms have been studied which
lead to a heat flow birefringence in liquids. Accord-
ing to the estimates given, the effect is of mea-
surable size. Of particular interest would be experi-
ments on (nematic) liquid crystals in the isotropic
phase where a pretransitional increase of the bire-
fringence is expected. Also measurements in dense
fluids of larger nonspherical particles (lyotropics) as
well as in viscoelastic solutions [27] are desirable.
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